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Abstract. The form of the mixing matrix of quarks is discussed. The exponential parameterisation of the
Cabibbo–Kobayashi–Maskawa (CKM) matrix is identified as the most general form of the mixing matrix.
Its properties are reviewed in the context of the unitarity requirement. A recurrence series representation of
the exponential form of the mixing matrix that is easy to handle is obtained, allowing for a direct and simple
method of calculation of the CKM matrix. The generation of the new parameterisations of the CKM matrix
by the exponential form is demonstrated.

1 Introduction

One of the greatest advances in physics in the 20th cen-
tury was certainly that of the formulation of the stan-
dard model (SM) [1–3], in which a joint description of
the electromagnetic and weak interactions is implemented
via the gauge theory based on the SU(2)L(weak isospin)×
U(1)Y (weak hypercharge) group and its spontaneous breaking
via the Higgs mechanism [1, 2, 4]. The SM has been exten-
sively tested during the last decades, and so far experimen-
tal results do not contradict it. At present the Higgs boson
remains the only one missing piece of the standard model
to be confirmed experimentally.
The quark mass eigenstates differ from the weak eigen-

states. These latter consist of a linear combination of eigen-
states of the strong interaction. Indeed, the weak eigen-
states of the quarks (q′) are linear superpositions of the
mass eigenstates (q) given by the unitary transformations:

⎛
⎝
u′

c′

t′

⎞
⎠
L,R

= UL,R

⎛
⎝
u
c
t
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L,R

,

⎛
⎝
d′

s′

b′
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L,R

=DL,R
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d
s
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⎞
⎠
L,R

, (1)

where the UL,R and DL,R are unitary matrices (unitary in
order to preserve the form of the kinetic terms in the initial
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massless Dirac Lagrangian for the quarks), and the sub-
scripts L and R stand for the left and right components.
The matrices UL,R andDL,R diagonalise the mass matrices

MU,D for the up and down quarks u and d:

U−1R M
UUL =

⎛
⎝
mu 0 0
0 mc 0
0 0 mt

⎞
⎠ ,

D−1R M
DDL =

⎛
⎝
md 0 0
0 ms 0
0 0 mb

⎞
⎠ , (2)

which constitutes the following mass terms for the up and
the down quarks:

(
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In this case, the charged weak current for the three quark
generations is written as follows:

ICµ =
(
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)
L
γµ
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From the above formula, we pick out the mass mixing ma-
trix V , as follows:

V ≡ U+L DL =

⎛
⎝
Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

⎞
⎠ . (5)

In this context it is clear that the mixing matrix V – a uni-
tary 3× 3 matrix that acts on the charge −e/3 physical
mass states (d, s, b) and transforms them into new inter-
action eigenstates (d′, s′, b′) – plays the central role in the
theory.

2 Exponential and other mixing
matrix parameterisations

The mixing matrix V can be written in several forms. The
first one, proposed by Kobayashi and Maskawa [5], in ex-
plicit parameterisation was given by the Euler angles θi
and the complex phase δ. The common form of this param-
eterisation with a different placement of the phase, given
by the three mixing angles θ12, θ23, θ13 and the CP non-
invariant phase δ, is written as follows [6–10]:

V =⎛
⎜⎝

c12c13 s12c13 s13e
−iδ

−s12c23− c12s23s13e
iδ c12c23− s12s23s13e

iδ s23c13
s12s23− c12c23s13e

iδ −c12s23− s12c23s13e
iδ c23c13

⎞
⎟⎠ ,

(6)

with cij = cos θij , sij = sin θij , and the “generation” in-
dex i, j = 1, 2, 3. These parameterisations are exact to all
orders.When one of the angles vanishes, so does the mixing
between the related generations. In the limit θ23 = θ13 = 0
the third generation decouples from the other ones, and we
end up with the well known case of Cabibbo mixing [11]
with θ12 = θc.
The proposals for the approximate form of the V matrix

are essentially based on its expansion into a power series
of the parameter λ= sin θc ≈ 0.22. The analysis of the ex-
perimental data related to the decay times of the various
particles expressed in terms of the Cabibbo angle shows
that the matrix V can be written with an accuracy of up to
λ2 in the following simple form:

V ∼=

⎛
⎜⎝
1−λ2

/
2 λ 0

−λ 1−λ2
/
2 λ2

0 −λ2 1

⎞
⎟⎠ . (7)

The matrix V in (7) is unitary and sets the second order pa-
rameterisation. Among the higher order parameterisations
of the mixing matrix, the one best known is the parame-
terisation proposed byWolfenstein, which contains the free
parameters ρ, η and A [12]:

VW =

⎛
⎜⎝

1−λ2
/
2 λ Aλ3 (ρ− iη)

−λ 1−λ2
/
2 Aλ2

Aλ3 (1−ρ− iη) −Aλ2 1

⎞
⎟⎠ . (8)

It satisfies the unitarity requirement with an accuracy of
O(λ3). Note that the complex entries of the matrix (8) can
be written as exponents; then (8) is sometimes called the
Altarelli–Franzini form.
Probably, the most general form of the mass mixing ma-

trix is the exponential representation [13–15]:

V̂ = exp
(
Â
)
, (9)

where Â is a 3× 3 matrix. According to the Cayley–
Hamilton theorem [16], the matrix V can be explicitly
written as the sum of powers of the matrix Â, as follows:

V̂ = eÂ = α0Î+α1Â+α2Â
2 , (10)

where the coefficients of the expansion are determined
from the algebraic system in which the eigenvalues of Â are
involved. In general, the entries of the matrix A are com-
plex in order to account for the CP violation effects:

Â=

⎛
⎝
0 a1 a3
−a∗1 0 −a

∗
2

−a∗3 a2 0

⎞
⎠ . (11)

In the simplest case, of real values of the entries, they can
be set as follows:

ai = λ
i, i= 1, 2, 3 , λ=

√
mu/ms. (12)

In order to account for the CP violation together with the
flavour mixing, the matrix A can be written in the follow-
ing simple anti-Hermitian form [17, 18], which ensures the
unitarity of the matrix V :

Â=

⎛
⎝

0 λ λ3 exp (iδ)
−λ 0 −λ2

−λ3 exp (−iδ) λ2 0

⎞
⎠ , (13)

where the parameter δ accounts for the violation of the
CP symmetry, and the parameter λ is responsible for
the quark flavour mixing. Evidently, the free parameters
in the parameterisation form (13) have been reduced, re-
spectively, to that employed in the Cabibbo–Kobayashi–
Maskawa matrix. Due to the small value of λ, the expo-
nential representation (9) can be written in the form of a
rapidly converging series:

exp
[
Â
]
=
∞∑
n=0

Ân

n!
. (14)

The exponential form of the matrix V includes the com-
monly used Wolfenstein and Altarelli–Franzini matrices.
Indeed, we can consider the following generalised form of
the exponential matrix with additional parameters x and
y:

Ã=

⎛
⎝

0 λ (xλ)
3
exp (iδ)

−λ 0 − (yλ)2

− (xλ)3 exp (−iδ) (yλ)2 0

⎞
⎠ , (15)
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which, upon expansion into a series to the fourth order of
λ, yields

Ṽ ∼=
⎛
⎜⎜⎜⎜⎜⎝

1−
1

2
λ2+

λ4

24
λ−
λ3

6
λ3A (ρ− iη)

−λ+
λ3

6
1−
λ2

2
−
λ4

2

(
A2−

1

12

)
λ2A (1−α+iκ)

λ3A (1−ρ− iη) −λ2A (1−β+iκ) 1−
1

2
A2λ4

⎞
⎟⎟⎟⎟⎟⎠
,

(16)

with

ρ= 1/2−
x3

y2
cos δ , η =

x3

y2
sin δ , κ=

λ2

2
η ,

A=−y2 ,

α=
λ2

2

(
1

3
−
x3

y2
cos δ

)
, β =

λ2

2

(
1

3
+
x3

y2
cos δ

)
.

(17)

It is now obvious that keeping only the terms of third order
in λ in (16) and taking into account the small value of λ≈
0.22, we obtain the extended form of the Wolfenstein ma-
trix [12, 19], which differs from the Altarelli–Franzini ma-
trix just by the complex number representation r exp [iφ] =
ρ+iη. However, different from [12], we write the param-
eters α, β, ρ, η, κ and µ in the matrix (16) as certain well
defined functions of λ, x, y and δ, as given by the formu-
lae (17). For x= y = 1, i.e. from (13), exactly the form (8)
of the Wolfenstein mixing matrix follows. The high order
parameterisations, like for example in [20], are reproduced
by (16) exactly up to third order, and the difference ap-
pears in the high order corrections. For example, there are
corrections of fourth order in λ, ∆Vcb, ∆Vcd and ∆Vus
in (16), and the coefficients in the terms ∆Vcs and∆Vts dif-
fer from the ones given in [20]. The imaginary part of ∆Vts
can be written Im (∆Vts) =−iAλ4η

/
2, whereas ∆Vts coin-

cides with the corresponding term in [20].

3 Recurrence relations for the exponential
CKM matrix

The mass mixing matrix V , written in the exponential
form (9), can be calculated with theoretically arbitrary ac-
curacy by accounting for high order terms in the power se-
ries expansion (14). In what follows, we shall demonstrate
how this procedure can be completed. Consider the matrix
of third order with complex entriesA= {aij} (i, j = 1, 2, 3)
and the following invariants:

J1 =TrA= a11+a22+a33 , (18)

J2 =

∣∣∣∣
a11 a12
a21 a22

∣∣∣∣+
∣∣∣∣
a11 a13
a31 a33

∣∣∣∣+
∣∣∣∣
a22 a23
a32 a33

∣∣∣∣ (19)

and

J3 = detA . (20)

It has been shown [21] that, with the help of the Cayley–
Hamilton theorem, the nth power of the matrix A can be
expressed in terms of the Chebyshev polynomials of two
variables and in terms of the first and the second powers of
the matrix A as follows:

An = pn−1 (u, v)J
n−2
3

3 A2+(−vpn−2 (u, v)+pn−3 (u, v))

×J
n−1
3

3 A+pn−2 (u, v)J
n
3
3 I . (21)

Here the variables u and v are defined by the relations

u= J1J
− 13
3 , v = J2J

− 23
3 , (22)

I is the unit matrix, and the matrix invariants J1,2,3 are
defined by (18), (19), and (20). The Chebyshev polynomi-
als of two variables pn(u, v) obey the following recurrence
relation:

pn (u, v) = upn−1 (u, v)− vpn−2 (u, v)+pn−3 (u, v) , (23)

and this yields the first three terms:

p0 (u, v) = 0, p1 (u, v) = 1, p2 (u, v) = u . (24)

In the case of the matrixA as given by (13) with δ = 0 (real
case), the first and the third matrix invariants vanish,

J3 = 0, J1 = 0, J2 = λ
2+λ4+λ6 . (25)

Moreover, since detA = 0, the recurrence relation (21) re-
duces to the following simple form:

An+1 = J
n−1
2

2 Un−1

(
J1

2
√
J2

)
A2−J

n
2
2 Un−2

(
J1

2
√
J2

)
A ,

(26)

where Un(x) are the Chebyshev polynomials of the second
kind. Since Tr (A) = 0, the argument u (see (22)) of the
Chebyshev polynomial equals zero, and the polynomial re-
duces to

Un = cos
(
π
n

2

)
, (27)

with the following oscillating values: Un = 1, 0,−1, 0, 1, 0,
etc. Now, substituting the expressions (25), (26), (27),
and (13) with δ = 0 into the series expansion (14), we ob-
tain the following series for the matrix V :

V̂ = Î+
∞∑
n=0

(
λ2+λ4+λ6

)n
2

(n+1)!

×

⎡
⎣cos

(πn
2

)
Â
∣∣∣
δ=0
+
sin
(
πn
2

)
Â2
∣∣∣
δ=0√

(λ2+λ4+λ6)

⎤
⎦ , (28)

where the matrix A is given by (13), and its second power
explicitly can be written as follows:

Â2 =

⎛
⎝
−λ2−λ6 λ5 exp (iδ) −λ3

λ5 exp (−iδ) −λ2−λ4 −λ4 exp (iδ)
−λ3 −λ4 exp (−iδ) −λ4−λ6

⎞
⎠ .

(29)
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Thus, formula (28) essentially represents the exponential
mass mixing matrix V , written in terms of the first and the
second powers of the matrix Â for δ = 0.
In the case of complex values of the entries of Â, i.e. δ �=

0, the expression for the invariant J2 coincides with that
obtained for the real case. However, since det(Â) �= 0, J3
takes a nonzero value,

J3 = det
(
Â
)
=−2λ6 sinh (iδ) , (30)

so that the recurrence relation in the form (21) has to
be employed for our calculations. However, the relation
J1 = 0 makes the variable u vanish – u= 0 (see the defin-
ition (22)), and hence, the mixing matrix V is now given by
the following recurrence relation:

V̂ = Î+ Â+
Â2

2
+
∞∑
n=3

1

n!

(
qn−1 (w) J

n−2
3

3 Â2

+(−vqn−2 (w)+ qn−3 (w))J
n−1
3

3 Â+ qn−2 (w) J
n
3
3 Î

)
,

(31)

where the matrixA is specified by (13) and its second order
is given by (29), whereas the polynomials qn are given by

qn (w) =

−w
n+2
2 Un

(
− 1
2w
√
w

)
+w

n+5
2 Un−1

(
− 1
2w
√
w

)
+w−n+1

2+w3
.

(32)

The polynomials in (32) involve Chebyshev polynomials of
the second kind, Un(x), with variable the w related to the
variable v (see the definition of (22)) by the following rela-
tion:

v = w−w−2 . (33)

In the complex case, δ �= 0, the variable v can be writ-
ten in terms of the parameters λ and δ, as it follows
from (22), (30), and (25):

v =
(
λ2+λ4+λ6

) (
−2λ6 sinh (iδ)

) 2
3 . (34)

4 Conclusions

It can be seen from the exponential forms (13) and (15)
that the matrix V̂ can be represented as a sum of the fol-
lowing two terms, i.e., A1 of the first order and A2 of the
second order in λ,

Â= Â1+ Â2 , A1 =

⎛
⎝
0 λ 0
−λ 0 0
0 0 0

⎞
⎠ ,

A2 =

⎛
⎝

0 0 (xλ)
3
exp (iδ)

0 0 − (yλ)2

− (xλ)3 exp (−iδ) (yλ)2 0

⎞
⎠ .

(35)

Recalling that it is the exponential form (9) that gives

physical sense to the matrix A, we can write V̂ in the fol-
lowing form:

V̂ = exp
(
Â
)
= exp

(
Â1+ Â2

)

= exp

(
Â1

2

)
exp
(
Â2

)
exp

(
Â1

2

)

+
1

4!

[
Â1

[
Â1Â2

]]
+ o
(
λ6
)
. (36)

Taking into account the physical value of the parameterλ∼=
0.22, we find that the last commutator term in (36) is of the
orderO(λ6). The above relation (36) between the exponen-
tial forms yields in fact the new parameterisation with the
massmixing matrix being the followingmatrix product:

V̂xy = P1 ·P2 ·P1, P1 = exp

(
Â1

2

)
, P2 = exp

(
Â2

)
,

(37)

which has the same entries as the matrix V̂ in (9) up to
O(λ6). The form of the matrix P1 can easily be obtained
from (37). Indeed,

P1 =

⎛
⎝
cos (λ/2) sin (λ/2) 0
− sin (λ/2) cos (λ/2) 0

0 0 1

⎞
⎠ , (38)

and it can easily be verified that it is contained in the
first order expansion of the Kobayashi–Cabibbo–Maskawa
matrix (6). The matrix P2, accounting for the second and
higher order contributions, can be written as follows:

P2 =⎛
⎜⎜⎜⎜⎜⎜⎝

Y 2+ λ̃2 cos
(
λ2Λ̃

)

Λ̃2
eiδλ̃Y

(
1− cos

(
λ2Λ̃

))

Λ̃2
eiδ
λ̃ sin

(
λ2Λ̃

)

Λ̃

e−iδ λ̃Y

(
1− cos

(
λ2Λ̃

))

Λ̃2

λ̃2+Y 2 cos
(
λ2Λ̃

)

Λ̃2
−Y

sin
(
λ2Λ̃

)

Λ̃

−e−iδλ̃
sin
(
λ2Λ̃

)

Λ̃
Y
sin
(
λ2Λ̃

)

Λ̃
cos
(
λ
2
Λ̃
)

⎞
⎟⎟⎟⎟⎟⎟⎠
,

(39)

where

Λ̃=

√
Y 2+ λ̃2, Y = y2, λ̃= x3λ . (40)

The expressions (37) and (38) are exact, and the direct
check of the unitarity of the matrix V̂xy given by (37) and
(38), (39) confirms that the new parameterisation V̂xy =
P1 ·P2 ·P1 is unitary.
The expansion of the Vxy matrix in a power series of

λ to the order O(λ2) yields, for x=1, y=1 and δ = 0, the
Kobayashi–Cabibbo–Maskawa matrix VKM, whereas the
higher order expansions include the Altarelli–Franzini and
the Wolfenstein parameterisations.
Moreover, the series form of the exponential mass ma-

trix obtained, with each term eventually reduced to the
first and second powers of the matrix A and the sum of its
minors, allows one to find them easily in a numerical form
with any chosen accuracy. The unitarity of the matrix V̂
is preserved at every order of λ. The exponential forms (9)
of the mass mixing matrix V obtained with account of
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the formulae (13) and (15), (28), (31), and (37), generalise
the Wolfenstein and Altarelli–Franzini parameterisations
of the matrix V̂ . The symmetric and generic form of
the obtained parameterisation formulae naturally includes
the hierarchical feature of the Wolfenstein and Altarelli–
Franzini parameterisations. It can be seen that the cal-
culations of the series, obtained for the exponential mass
mixing matrix, can easily be performed also in the case of
δ �= 0, thus accounting for the violation of the CP symme-
try at any desired order of λ with the invariance preserved.
Formulae (31), (32) and also (37)–(40) define new uni-

tary mixing matrix parameterisations. Eventually, we have
to say that despite significant progress in experimental
physics in the last decades, the experimental check of high
order contributions to the mass mixing matrix still remains
beyond present experimental capabilities.
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